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Abstract

A multidegree-of-freedom system having symmetrically placed rigid stops and subjected to periodic excitation is
considered. The system consists of linear components, but the maximum displacement of one of the masses is limited to a
threshold value by the symmetrical rigid stops. Repeated impacts usually occur in the vibratory system due to the rigid
amplitude constraints. Such models play an important role in the studies of mechanical systems with clearances or gaps.
Double Neimark—Sacker bifurcation of the system is analyzed by using the center manifold and normal form method of
maps. The period-one double-impact symmetrical motion and homologous disturbed map of the system are derived
analytically. A center manifold theorem technique is applied to reduce the Poincaré map to a four-dimensional one, and
the normal form map associated with double Neimark—Sacker bifurcation is obtained. The bifurcation sets for the normal-
form map are illustrated in detail. Local behavior of the vibratory systems with symmetrical rigid stops, near the points of
double Neimark—Sacker bifurcations, is reported by the presentation of results for a three-degree-of-freedom vibratory
system with symmetrical stops. The existence and stability of period-one double-impact symmetrical motion are analyzed
explicitly. Also, local bifurcations at the points of change in stability are analyzed, thus giving some information on
dynamical behavior near the points of double Neimark—Sacker bifurcations. Near the value of double Neimark—Sacker
bifurcation there exist period-one double-impact symmetrical motion and quasi-periodic impact motions. The quasi-
periodic impact motions are represented by the closed circle and “tire-like” attractor in projected Poincaré sections. With
change of system parameters, the quasi-periodic impact motions usually lead to chaos via “tire-like” torus doubling.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Vibrating systems with clearances, gaps or stops are frequently encountered in technical applications of
mechanism, vehicle traffic and nuclear reactor, etc. Repeated impacts, i.e., vibro-impacts, usually occur
whenever the components of a vibrating system collide with rigid obstacles or with each other. The principle of
operation of vibration hammers, impact dampers, inertial shakers, pile drivers, offshore structures, machinery
for compacting, milling and forming, etc., is based on the impact action for moving bodies. With other
equipment, e.g., mechanisms with clearances, heat exchangers, fuel elements of nuclear reactors, gears, piping
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systems, wheel-rail interaction of high-speed railway coaches, etc., impacts also occur, but they are
undesirable as they bring about failures, strain, shorter service life and increased noise levels. Researches into
vibro-impact dynamics have important significance on optimization design of machinery with clearances or
stops, noise suppression and reliability analysis, etc. The physical process during impacts is of strongly
nonlinear and discontinuous characteristics. Therefore, application of standard analytical tools based on
linearization will fail to capture essential ingredients of the response. The presence of the nonlinearity and
discontinuity complicates the dynamic analysis of repeated impact systems considerably, but it can be
described theoretically and numerically by discontinuities in good agreement with reality. Compared with
single impact, the vibro-impact dynamics is more complicated, and hence, has received great attention. Many
new problems of theory have been advanced in researches into vibro-impact dynamics, and the study of vibro-
impact problems becomes a new subject on nonlinear dynamics. Some important problems on vibro-impact
dynamics, including global bifurcations [1-10], singularities [11-19], chattering impact [20], quasi-periodic
impacts [21-24] and controlling chaos [25], etc., have been studied in the past several years. Along with the
basic researches into vibro-impact dynamics, the researches into application to these systems are developed,
for example, wheel-rail impact of railway coaches [26-28], impact noise analysis [29,30], inertial shakers
[31,32], vibrating hammer [33], offshore structure [34], impact dampers [35-40] and gears [41-44], etc.

A multidegree-of-freedom system having symmetrically placed rigid stops and subjected to periodic
excitation is considered. The system consists of linear components, but the maximum displacement of one of
the masses is limited to a threshold value by the symmetrical rigid stops. Such models play an important role in
the basic research of vibro-impact dynamics. As a result, the majority of the previous work idealizes analyses
of stability, bifurcation and singularity of these systems as single-degree-of-freedom oscillators with rigid stops
by analytical and numerical approaches, e.g., see Refs. [1-6,11-17,33]. Periodic-impact motions and
bifurcations of two-degree-of-freedom systems with rigid stops are analyzed by numerical simulation in Refs.
[7,8,22-24,26,27]. Finally, Bernardo [19] study C-bifurcations of multidegree-of-freedom systems with rigid
stops and give the normal form map of C-bifurcations. The other references, in the paper, consider the
vibratory systems with soft stops (see Refs. [21,25,28,34]) and the systems of which components collide with
each other(see Refs. [31,32,35-42]). The present analysis extends the previous work on vibratory system with
rigid stops by developing an efficient way of determining exact periodic motions and local bifurcations for a
general multiple-degree-of-freedom system, with a component that possesses symmetrically placed rigid stops.
The purpose of the study is to focus attention on stability and codimensiom two bifurcations of period-one
double-impact symmetrical motion of the system. There are many types of codimension two bifurcations of
ordinary differential equations and maps, some of which have been studied in Refs. [45-49]. Double
Neimark—Sacker bifurcation of the vibratory systems with symmetrical rigid stops is investigated in the paper.
The existence, stability and local bifurcations of period-one double-impact symmetrical motion are analyzed
explicitly. Local behavior of the vibratory systems with symmetrical rigid stops, near the points of double
Neimark—Sacker bifurcations, is reported by the presentation of results for a three-degree-of-freedom
vibratory system with symmetrical rigid stops.

2. Mechanical model

A multidegree-of-freedom system having symmetrically placed rigid stops and subjected to periodic
excitation is shown in Fig. 1. Displacements of the masses M, M>,..., M, | and M, are represented by
Xi,X5,...,X,—1, and X, respectively. The masses are connected to linear springs with stiffnesses
Ki{,K,,...,K, 1 and K,, and linear viscous dashpots with damping constants, Cy,C»,...,C,_; and C,.
Damping in the mechanical model is assumed as proportional damping of the Rayleigh type. The excitations
on the masses are harmonic with amplitudes Py, P,, ..., P,_, and P,. The excitation frequency 2 and phase
angle 7 are the same for these masses. The masses move only in the horizontal direction. For small forcing
amplitudes the system will undergo simple oscillations and behave as a linear system. As the amplitude is
increased, the kth mass M eventually begins to hit the stops and the motion becomes nonlinear (the other
masses are not allowed to impact any rigid stop). The impact is described by a coefficient of restitution R, and
it is assumed that the duration of impact is negligible compared to the period of the force.
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Fig. 1. Schematic of a multi-degree-of-freedom vibratory system with symmetrical rigid stops.

Suppose M #0, K;#0, and let Fo = |Py| + |P2| + -+ + |Pil + - - - + | P,|. The non-dimensional quantities
are given by
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The motion processes of the system, between consecutive impacts occurring at the stop 4, are considered.
Between any two consecutive impacts, the time 7 is always set to zero directly at the starting point A4 (the mass
M, departing from the X, = B stop with negative velocity), and the phase angle 7 is used only to make a
suitable choice for the origin of time in the calculation. The state of the vibro-impact system, immediately after
impact, has become new initial conditions in the subsequent process of the motion. Between the stops, the
non-dimensional differential equations of motion are given by

Mx+ Cx+ Kx = F sin(wt + 1) (|x| <9), ()
where a dot (-) denotes differentiation with to the non-dimensional time ¢, and M, C, K are the non-
dimensional mass, damping and stiffness matrixes, respectively, x = (x1, X2, ..., X,) ", F = (F10S 200 - - ,an)T.

When the impacts occur, for |x;| = J, the velocities of the impacting mass M), are changed according to the
impact law

xkA-F = _kaA—; (xk = 5), xk/-H— = _ka/-i_’ (-xk = _5)’ (3)

where Xi4— and Xiqq (X ;- and X; ;) represent the impacting mass’ velocities of approach and departure at
the instant of impacting with the stop 4(A), respectively.

3. Period-one double-impact symmetrical motion and disturbed map

Impacting systems are conveniently studied by use of a mapping derived from the equations of motion.
Each iterate of this map corresponds to the mass M striking the stop 4 once we can characterize periodic
motions of the vibratory system with symmetrical rigid stops by the symbol n—p—¢, where ¢ and p is the
number of impacts occurring, respectively, at the constraint A4 and A, and 7 is the number of the forcing cycles.
In this section, only the periodic motion of the model, with two symmetrical impacts per force cycle, is
considered, which is called the period-one double-impact symmetrical motion. Let us choose the Poincaré
section = {(X1, X1, X2, X2, - -+ Xks Xees - - - » Xy X, ) € R™" X 8, X = 6, X = X4} to establish the Poincaré map
of the vibratory system with symmetrical rigid stops. The period-one double-impact symmetrical motion and
its disturbed map have been derived analytically in Appendix A. Here, the disturbed map of period-one
double-impact symmetrical motion is represented briefly by

X =f(,X), “4)

where 0= wt, X € R, v is real parameter, ve R' or R X =X*+AX, X' =X"+AX; X*=
(X105 X205 - - + s X(k=1)0> T05 X(k-+1)05 - - - » Xn05 X105 X205 - - - » X(k—1)05 Xk X(k+1)05 - - - » X0) 15 @ fixed point in the hyper-
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plane o, the disturbed vectors of X* are represented by

AX = (Axl, AXQ, . ,Axk,l, A‘E, A)C/ﬁq, . ,Ax,,, AX],A)'CQ, ey A).Ck,I,A)'CkJr,A)'CkJrl, e ,A)'Cn)T,

! / / / / / / o/ ./ o/ ./ ./ NT
AX" = (AX|,Axy, .. AX) |, AT ANy, AX AR AXS, L AN AR A, AX)

Map (5) can be changed by

AX' = f(u, X) — X* 2 £, AX). (5)
Linearizing the Poincaré map at the fixed point X* results in the matrix

of (v, AX)

Df(v,0) = : (6)
0AX  |,0,0,...,0
——

2n

The stability of 1-1-1 symmetrical motion is determined by computing and analyzing eigenvalues of Df (v, 0).
Variations of the parameters of the system will cause the fixed point and its associated eigenvalues to move. If
one of them passes through the unit circle in the complex plane, i.e.,|1;(v.) = 1{ (v, is a bifurcation value), an
instability and an associated bifurcation will occur. In general, bifurcation occurs in various ways according to
the numbers of the eigenvalues on the unit circle and their position on the unit circle. Here, we shall consider
the case of v € R?, and dynamics of the system is studied with special attention to double Neimark—Sacker
bifurcation associated with 1-1-1 symmetrical motion.

4. Center manifold and normal form map

Let us consider the map X’ =f(v, X), in which v € R*. X* is a fixed point for the map for v in some
neighborhood of a critical value v = v, at which Df(v,0) satisfies the following assumptions:

H.1. Jacobian matrix Df (v, 0) has two complex conjugate pairs of eigenvalues 4, 2(v.) and 23 4(v.) on the unit
circle, i.e., Z2(ve) = Z1(vc) and |A12(ve)| = 1; Aa(ve) = A3(vc)and |A34(ve)| = 1.

H.2. the remainder of the spectrum of Df(v,0) are strictly inside the unit circle.

For all v in some neighborhood of v, the map AX’ = f(v, AX), under the change of variables y; = v; — vy,
[ty = vy — Vae, = (1, 11,)" and AX = PY, becomes

Y = F 7), (7)

where P is the eigenmatrix [23, 50].
Let zi=py +ip 2=Z2, m=y+iy, u=o z=(@EL2.2.2), GV=F+iF—iz,
G? = Fy4+iFy — Aaz3, W = ¥s5, V65 - - - ,yzn)T, H = (Fs,Fg,--- ,an)T — D W, map (7) may be expressed by

2=z 4+ GV, 2,23, 5, Wi, 2y =iz + GOz, 21,23, 23, Wi )
W'=D\W + H(zy,21,23,23, W; 1) (®)

in which ; = Zi() = 2i(v + 1), 212(0) = oy i1, A34(0) = 0r Licn, [212(0)] = 1,
matrix of degree (2n — 4) x (2n — 4) with the eigenvalues As(u), A¢(t), ..., A2 (t).

Using the center manifold theorem technique and normal form method of maps, we can reduce map (8) to
the normal form map &(z;¢), which is given by

J134(0)| = 1. Dy is a real

2 = (0)z) 4 B121 + Az 2 4 bzi 232 4 O((121] + |230)),

2y = 33(0)z3 + 8323 + 2353 + 8212123 4+ O((Iz1] + 1231)Y). )
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The normal form map (9), in the real form @(Y;e¢), is expressed by

Vi =ouy, — @y + ey — ey + @y — )07 +33) + (byy — dy,)03 + 33) + hot,
Yy = ouyy + @y + ey + ey + @y, + )07 + ¥3) + (byy + dy)03 + 33) + ho,
Vi = 00y3 — @ayy + €393 — eays + (1y3 — hy )03 +32) + (ey3 — gy )0 + 13) + hoo,
Vi = 00y + @ay3 + &3y + s + (s + hy) (3 +33) + (eys + gy3) (07 + 33) + ho.t (10)

in which, & = (e1, &2, €3, 24)", & = &:(p), &(0) = 0,i = 1,2,3,4.
The linearized map of ®(Y;e¢) at the fixed point is now

o +e  —(w + &) 0 0
A= 0d(Y,¢) _ wi + & o + &g 0 0 ' an
oY 0.<%) 0 0 oy + &3 —(’W2 + 84)
0 0 wy + & o + &3

Ignoring the terms of high order of &, the bifurcation boundary is given by oj&; + wie; =0 and
one3 + woeg = 0. If a16) + w162 <0, ones + wreq <0, the fixed point Yy = (0,0,0, O)T is stable, otherwise it is
unstable. On the boundary line o) + wjes = 0 or are; + wres = 0, Neimark—Sacker bifurcation associated
with the fixed point occurs. The direction of Neimark—Sacker bifurcation (supercritical or subcritical) depends
on the high-order terms of @(Y;e).

Let & = hipy + hopy + O(|y | + |1o])?, i = 1,2,3,4. Ignoring the terms of high order of &, the bifurcation
boundary becomes

(onhi1 + wiha)py + (ehin + wiho)py =0, (02h31 + wrha)py + (2h3n + wahan)u, = 0. (12)

5. Local codimension two bifurcations of the normal form map
5.1. The classification of unfoldings cases

A full understanding of the normal form map (10) requires more than Jacobian matrix (11). So it is
necessary to change the normal form map (10) to the polar coordinate form ®(r,0;¢) € R* x S°,
(r1,12,01,02) — (1}, 75,01, 05). N oL N oL

Let & = 21(0)10, & = 43(0)&30, @ = 41(0)do, b = 41(0)bg, & = 13(0)éy and f = A3(0)f,, the normal form map
(9) becomes

7y = 210)z1(1 + E19 + doz1 21 + bozaZ3) + O((|z1] + |231)°),
2y = Aa(0)z3(1 + B30 + 207121 +Fo7323) + O(z1] + |z31)°). (13)
In polar coordinates, the map ®(z; &) € R* is changed to ®(r, 0; &) € R> x S?, which is given by

¥y =ri(1+ &0 +aort + bor3) + hoot, 15 =r3(1 + e + eor +£or3) + h.o.t,
0, = 0y + o+ e+ cort +dory + hoot, 0y =05+ B+ e+ gori + hors + hoo.t. (14)

in WhiCh, E10 = €101 + &1, &0 = &0 — 101,830 = &3002 + €4T03 and &40 = &40 — E3TOUp are the unfolding
parameters, and g = (810,830)T; ay = ady + cwy, ¢o=coy —aw,, by =bo +dw, dy=dou — bw,
ey = ety + gwa, gy = gor — ewn, fo = for + hwa, hy = hoay — fw,.

We can deduce much of the behavior of this system by ignoring the azimuthal components. In this way,
a two-dimensional map is obtained, which is now

7 =ri(1 + ey0 + aor] + borg) +hot, ry=ri(1+e0+ eor; +f0r§) + h.o.t. (15)
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Letting 7, = r1/|agland 73 = r3 VO

ri=F(l+ e+ A +bR)+hot, 13=r(l+e0+ R +di)+ hot, (16)

, we obtain the following:

where b = by/|f |, ¢ = eo/lag| and d = +1.

For convenience in the following, we drop the bar of these symbols b, ¢ and d, and use still b, ¢ and d instead
of b, ¢ and d, respectively.

Map (16) can be represented for all sufficiently small ||&y|| in the form

Re> @, (R) + O(IR|*),
where R = (71,7)", (pio is the flow of a planar system, that is smoothly equivalent to the system [45,46]

p1 = pi(ero + p7 +bp3) + hot,  py = psesn + cpi + dp3) + ho.t. (17)

Now consider bifurcations and parameter unfoldings of the approximating system (17). The 3-jet of (17)
with &9 = &30 = 0 is determined (with respect to suitably symmetric higher-order perturbations). Provided that
ap, bo, eg, fo are not equal to zero and agfo—boep#0 implying that d — bc#0 in Eq. (17). Nine topologically
distinct equivalence classes are shown in Fig. 2 and Table 1. It is to be noted that 2¢ and 2e, 2d and 2f,
respectively, are topologically equivalent if we allow reversal of time and reflection about the diagonal in
invariant line.

In particular, we note that invariant radial lines p; = /(1 — ¢)(d — b)p, exist whenever (1 — ¢)(d — b)>0,
but we do not distinguish between phase portraits which are equivalent up to reversal of time. In Fig. 2, only
the positive (p,, p;) quadrant is shown. Since the phase portraits are symmetric under reflection about both
axes. Fig. 2 should be read in conjunction with Table 1.

AN

(la) (1b) (1c)

K7

(2a) (2b) (20)
(2d) (2e) (2f)

Fig. 2. Nine phase portraits for the degenerate vector field.
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Table 1
The nine degenerate fixed points

Type 1: two invariant lines:(1 — ¢)(d — b)<0
la: d = +1, all appropriate b, ¢
1b:d=—-1,¢>0>b, —1 — bc>0

lc: d = —1, all other b, ¢

Type 2: three invariant lines:(1 — ¢)(d — b)>0

2a: d = +1, (1 — be)(1 — b)>0, all appropriate b, ¢
2b: d = +1, (1 — be)(1 — b)<0, all appropriate b, ¢
2c:d=—1,(—1=bc)(—1—-5b)>0,b< — 1, c<1
2d:d = —1, (=1 = be)(—1 = b)<0, b< — 1, ¢>1
2¢e:d=—1, (=1 =be)(—1 =b)<0,b> — 1, c<]1
2f:d =—1, (=1 = be)(—1 = b)>0,b> — 1, c<1

Table 2
The 12 unfoldings

Case 1(a) 1(b) 2 3 4(a) 4(b) 5 6(a) 6(b) 7(a) 7(b) 8
d +1 +1 +1 +1 +1 +1 -1 -1 -1 -1 -1 -1
b + + + - - - + + + - - -
c + + - + - - + - - + + -
d—bc + - + + + - - + - + - -

The classification of degenerate fixed points given above is not the most natural when it comes to studying
the unfoldings. Here there are 12 distinct cases. As set out in Table 2.

The present classification is based on a study of secondary pitchfork bifurcations from nontrivial equilibria
for the planar vector field. We note that Y = (0, 0)" is always an equilibrium and that up to three other
equilibria (in the positive quadrant) can appear. As follows:

YT = («/—Slo,O)T, for £10<0; Y; = (O, \/ —830/d)T for 830/d<0,

T
bezg — derg  [cero — €30 bezg — deg ce10 — €30
Y: = f 0 0. 18
3 < d—be '\ d—bc> o Ta"be 7% Td—be ~ (18)

Pitchfork bifurcation occurs from Y§ = (0, 0)T on the lines ¢ =0 and &3 =0, and also Pitchfork

bifurcation occurs from Y; = (/=¢10,0)" on the line &3 = ceip, and from Y3 = (0, \/—830/d)T on the line
&30 = dejg/b. The stability types of these bifurcations are determined by Jacobian matrix associated with
corresponding fixed point.

The behavior remains relatively simple as long as Hopf bifurcations do not occur from the fixed point
Y5 =(D,p3)" = (\/(beso — dero) /(d — be), /(cero — 30)/(d — be)™. To detect such bifurcations, we linearize
at this fixed point to obtain the matrix

L [+ 300+ 653 2bp\ py 19
- 2¢pyp &30 + ¢pi +3dp3 |

Hopf bifurcations of this fixed point can occur only on the line

S]Qd(l - C)
_ 20
w=2000 20)
when d — be>0, we immediately see that Hopf bifurcation cannot occur in cases 1(b), 4(b), 5, 6(b), 7(b) and 8.
It is also easy to show that they cannot occur in cases 1(a), 2, 3 and 4(a), since for such bifurcations to occur,
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the slope d(1 — ¢)/(b — d) of the line given by (20) must lie between the slopes of the pitchfork lines

d810
b b
and in the appropriate sector of the (g9, ¢30) plane. In each of these four cases, simple computations reveal

that this requirement contradicts the condition d — bc>0. Therefore Hopf bifurcation can occur only in
cases 6(a), 7(a).

le . &30 = C&10 and L‘\Q 1830 =

5.2. The bifurcation sets and phase portraits for the unfoldings for cases 1, 2, 3, 4, 5, 6(b), 7(b), and 8

Y5 =(0, O)Tis trivial equilibrium, the condition for local stability is &;0<0 and &30 <0. The condition for
existence of Y] = ( /—e1 ,O)T is £19 <0, the condition for local stability is &9 >0, &30 < c&19. The condition for
existence of Y3 = (0, —830/d)T is &3/d<0, the condition for local stability is &3>0, &19<bes/d.
Accordingly we have the following unfoldings, the bounds of the region shown in Figs. 3-7 in following ten
cases can mostly be listed as follows:

d810
L‘\'l : &30 = C&)o and LSQ : &30 = ——.

b

5.3. The bifurcation sets and phase portraits for the unfoldings for cases 6(a) and 7(a)

The condition for existence of Y3 = (\/(besg — deio)/(d — be), v/(cero — €30)/(d — b)) is (beso —
deig)/(d — be)>0 and cejg — e30/d — be>0, the condition for local stability is determined by the analysis in
the eigenvalues of relevant Jacobian matrix (19). Hopf bifurcations associated the fixed point can occur only
on the line

Slod(l - C)

&30 = h—d .

\/ L N/ -

2 D

- | -
£307CE}g A(\ €30=610/b k/f/! { (i
&50=€10/b E30=C&o ﬁ

(a) (b)

Fig. 3. The unfoldings for cases 1(a) and (b) (cf. degenerate types la, 2a).
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£y €30

&30=C&1g

N W o

b X =
SIS o | e

E30=E10/b €30=C&0 E30=E10/b

(a) (b)

Fig. 4. The unfoldings for cases 2 and 3 (cf. degenerate types la, 2a).

€3p=C&o

e S10

rad

(a) (b)

£30=E10/b

Fig. 5. The unfoldings for cases 4(a) and (b) (cf. degenerate types la, 2a, and 2b, respectively).

5.3.1. The bifurcation sets and phase portraits for the unfolding for case 6(a)

For the case d = —1, b>0, ¢<0, d — bc<0, the local stable conditions of the equilibrium Y73 is &9 <0,
&30 >de /b, e30<e10d(l — ¢)/(b — d). The partial bifurcation set and phase portraits for unfolding associated
the case are shown in Fig. 8. The bounds of all regions shown in Fig. 8 can be listed as follows:

erod(l —¢)

d
Li: &0=0, &0<0, L: &30 = 4 £10, e10<0, L3: e30= b d

e10<0, Lg: &30 = c€19, €10<0, Ls:g0=0, &3<0.
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&30

&3 E3=—610/b

&)p

£30=C&)
(a) (b)

Fig. 6. The unfoldings for cases 5 and 6(b) (cf. degenerate type Ic).

€30

£30=C&yp

&=—610/b E0=—619/b
n | B s | b

A ) .
SN | &

£30=C&)

(a) (b)

Fig. 7. The unfoldings for cases 7(b) and 8 (cf. degenerate type lc).

Now consider the case 6(a), in which a Hopf bifurcation can occur. For this case, we obtain the partial
bifurcation set and phase portraits of Fig. 8. On the Hopf bifurcation line given by formula (20) we find that
the system

, . c
01 = pileo + ,0% + bp%) + h.o.t, p3=p; <810 <m> + cp% — p%) + h.o.t, (21)
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Fig. 8. Partial bifurcation set and phase portraits for the unfolding of case 6(a).

0,=7/(1+8)

W-7/(A+B),-/-y/(1+b))

e
0,0

W7.0)

Fig. 9. Level curves of F(p,, p,) for case 6(a) (>0, ¢>0).

is integrable, and that the function

o . c—1
F(py,p3) = pipi(eio + (07 +npd), b3 = ps <310 (m> +cpt — p?) + hot, (22)
where o = 2(1 — ¢)/A, f = 2(1 + b)/A, and n = (1 + b) /(1 — ¢), is constant along solution curves. In case 6(a),
b>0>c,A=—1—bc>0and g, ef —9 <0, and the level curves of this function take the form shown in Fig. 9.
Once more it is necessary to add higher-order terms to “‘stabilize” the degenerate Hopf bifurcation and to
determine the topological type of this unfoldings. In the case the terms are homogeneous of fifth order:

p1(@p} +piod + a0, pa(hp} +jpin3 + kpd). (23)
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Adding these quintic terms to the original Eq. (17) with d = —1, using the transformations

c—1
p1= Veu, p3 = Vev, &0 =ev, &0 = ev (b T 1) + 8202 (24)

and rescaling time ¢ — &f, we obtain
i = u(vy 4+ u? + bv?) + eu(eu* + fuPv? + go),

b= u(vl (Z;i) + c? — 02) + ev(vy + hu* + juPv? + kv*). (25)

We again have to study a small perturbation of an integrable system. Multiplying (25) by the integrating
factor u*~'vf~1, we obtain the “equivalent” perturbed Hamiltonian system:

i =P (o) + P + b?) + e(en’ + fuPv? + go)),

-1
0 =u*""P [(vl (Z T 1) + cu? — 02> + e(vy + hu* + jutv® + ku“)]. (26)

The Hamiltonian function for (26) is

F(u,v) = [3 b <01 + (u + (%)vﬁ), (27)

where o = 2(1 — ¢)/A4, f=2(1 +b)/A, A = —1 — bc>0.
In studying case 6(a), we can set v; = —1 without loss of generality.
Denoting such a curve F(u,v) = K by I',. We require that the function

/ {Boz + [(e + 4)e + Bhlu* + [(o + 2)f + (B + 2)jl*v* + [0 + (B + Akl ="/~ dudo (28)
intl'y
has simple zeros with respect to variation of the parameter v, and the coefficients &, f, g, h, j, k, Writing the

four integrals of (28) as I(K), we therefore require

vy = ————[BI2(K) + CI3(K) + DI4(K)], (29)

B (K)

where B= («+4)e+ ph, C = (a+2)f +(f+2)j and D = ag + (f + d)k.
On the homoclinic loop we have F = 0 and can thus use the substitution

u2+<ﬂ>02=1.
l1—c¢

Letting (1 — ¢)/(1 +b) = M, v> = M(1 — u?), we obtain

vy = ———[BI>(0) + CI3(0) + DI14(0)],

1
B (0)
where 1,(0) = (Mﬁ/Z//)’) f w— 1(1 2)ﬁ/2 du, I,(0) = (M/}/2/ﬁ) f uot+3(1 2)ﬁ/2 du, 13(0) = (M(ﬂ+2)/2/(ﬁ +
2) Jy w11 =R du, 1400) = (MO /4 4)) fo = (1 =022 du

We therefore have the bifurcation set

c—1 2

p+ 1% T, (0) [BI>(0) + CI3(0) + DI4(0)]. (30)

&30 =

On the basis of the discussion above, in Fig. 10 we sketch two possible completions of the unfolding of case
6(a) (for M >0). The vector fields in the remaining sectors are as in Fig. 8. In Fig. 10(b) two bifurcation curves
exist on which periodic orbits coalesce in saddle-node bifurcation.
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Fig. 10. Possible completions of the unfolding of case 6(a) (The two coalescences of periodic orbits).

5.3.2. The bifurcation sets and phase portraits for the unfolding for case 7(a)

The remaining case, 7a is even more complicated than the one we have just outlined, since it really contains
three distinct subcases, depending upon the relative sizes of the coefficients b and ¢. These determine whether
the Hopf bifurcation line lies in the first, third, or fourth quadrants. The three cases are shown in Fig. 11, and
represent unfoldings of the degenerate types 2e, 1b, and 2c (see Table 1), respectively. The first integral
F(p,, p3) of (16) is invariant on solution curves in all these cases when

c—1
€30 :810<b+ 1)

(i.e., on the Hopf bifurcation line). However, we note that in these cases at least one of the indices o, [ is
always negative and thus that the integral is singular at (9, p3) = (0,0). This fact leads to the bunching of level
curves consistent with the existence of a sink or a source at (0, 0).

According to the unfoldings for cases list in Table 2, the bifurcation sets of approximating system (18), near
¢ = (0,0)T, can approximately be illustrated by Figs. 3-11 [45,46]. Recall now that the map (pén(R)
approximates the simplified map (17), and consider the influence of azimuthal components to the map (17).
We can now interpret the obtained results, first in terms of the approximating map (pio (R), and second in terms
of the normal form map. For the normal form map ®(Z,¢), the equilibrium Y§ = (0, 0)"of approximating
system (18) become the trivial fixed point placed at the origin; the pitchfork bifurcation of equilibrium
Y3 = (0,0)" turn into the Neimark-Sacker bifurcations of the fixed point ¥, of the normal form map, note
that the direction of Neimark—Sacker bifurcation (supercritical or subcritical) depends on the high order terms
of the normal form map, since the equilibria Y7 = (\/—¢o0, 0)" (or Y5 =(0,y/—¢3/d T) become closed
invariant curves of corresponding stability. In the discussion above, we have found that at least one of two
Neimark—Sacker bifurcations associated with the trivial fixed point on lines g9 = 0 (x;¢; + @& = 0) and
&30 = 0 (0083 + wpeq4 = 0) is subcritical for the normal form map, and that supercritical Neimark—Sacker
bifurcation associated the trivial fixed point occurs only in cases 5-8. The Pitchfork bifurcation of the
equilibrium Y3 = (0, \/—830/d)T (or Y7 = (/—¢10, 0)") in cases 6 and 7 corresponds to instability and torus
bifurcation of closed invariant curve of the map, and Hopf bifurcation of the equilibrium Y73 in cases 6(a) and
7(a) corresponds to the further torus bifurcation of the normal form map, both lead to the “tire-like” quasi-
periodic attractor. It is to be noted that only in cases 6(a) and 7(a) the attracting quasi-periodic orbits of ““tire-
like” are generated.

According to the center manifold theory, local behavior of map f (v, X), near the point v, of double
Neimark—Sacker bifurcation, is equivalent to that of the normal form &(Z;¢) for ¢ in some neighborhood of
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a critical value ¢ = (0, 0,0,0)". By comparison with of local bifurcation behavior of the simplified map (17), we
can find out dynamical behavior of the vibro-impact system in the case of double Neimark—Sacker bifurcation.
By virtue of Figs. 8, 10 and 11, we can conclude that the vibro-impact system, near the value of double
Neimark—Sacker bifurcation, undergoes not only Neimark—Sacker bifurcation associated with period-one
double-impact symmetrical motion, but also does possibly torus bifurcation. The torus bifurcation leads to
“tire-like” quasi-periodic attractor in Poincaré section. This conclusion conforms to the examples under-
mentioned.

6. Numerical analyses
The local stability analysis, discussed in the previous section, can reveal different kinds of bifurcations of

1-1-1 symmetrical motions namely Neimark—Sacker bifurcation, codimension two bifurcation and torus
bifurcation, etc. In this section, the analysis developed in the former section is verified by the presentation of
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results for the three-degree-of-freedom vibratory system shown in Fig. 12. The existence and stability of
period-one double-impact symmetrical motion are analyzed explicitly. Also, local bifurcations at the points of
change in stability, discussed in the previous section, are considered, thus giving some information on
dynamical behavior near the point of double Neimark—Sacker bifurcation.

The system with parameters (1): my =0.8, m3s =12, ko =15 k3 =15,f10=0, =1, 3 =0,0=0.3
and R = 0.8 has been chosen for analyzing its dynamical behavior near the point of double Neimark—Sacker
bifurcation. The forcing frequency w and parameter y are taken as the control parameters, i.e. v = (7, ). The
eigenvalues of Jacobian matrix Df(v,0) are computed with w € [3.1,3.195] and y € [0.058,0.065]. The moduli
of all eigenvalues of Df(v,0) are less than one for v = (0.065, 3.195)". By gradually decreasing y and » from
the point v = (0.065, 3.195)" to change the control parameter v, we can obtain two complex conjugate pairs of
eigenvalues 4;2(v.) = —0.5491035 £ 0.8357545i (|412(v.)] = 1.0) and A34(v.) = —0.9890127 £ 0.1478241i
(1434(ve)] = 0.999999) which are very close to the wunit circle, and the other eigenvalues
(As6(ve) = —0.2564126 + 0.1354285i, |As6(v.)| = 0.2899798) still stay inside the unit circle as v equals
v = (0.060153, 3.162899). The eigenvalues Z12(v) and A3 4(v) have escaped the unit circle as y and w pass
through decreasingly v = (0.060151, 3.1628988)". The eigenvalues A12(v) and A34(v) almost escape the unit
circle simultaneously, so v. =(0.060153, 3.162899)" is approximately taken as the value of double
Neimark—Sacker bifurcation. Using the center manifold theorem technique and normal form method of
maps, we can reduce map (5) to the normal form map (10), and correspondingly obtain the analytical
expression of the bifurcation parameters transformed ¢; = h;ipy + hipp + O(py | + |.“2|)2~ For the system

P5sin(QT +1) Py sin(QT +1) P, sin(QT +1)
,4 G C C =
J—F {F T
A M AN Mo My
4 «k K K
7 3 o o1 L ro 1l N oI5
VT IIIIY I I I iy v
C 2B | A
X, X, X

Fig. 12. Schematic of the vibratory system with symmetrical rigid stops.
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Fig. 13. The partial bifurcation set near the point of double Neimark—Sacker bifurcation.
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shown in Fig. 12, with system parameters (1), the coefficients of the formula & = h;u; + howy, + O(Juy | +
|ual) are

hyp = 3.864573, hip = —1.135826, My = —5.729431, hyp = —1.627221,
hy1 = 1.083245,  hy, = —1.146872, hg = —2.008334;  hy = —6.423976.

By formula (12), two lines p, = 7.409717u; and p, = —9.385739y,, associated with Neimark—Sacker
bifurcation of period-one double-impact symmetrical motion, can be determined. We can see that these two
lines are very close to the lines L; and L, which are obtained by numerical computation and shown in Fig. 13.
The lines L; and L, are obtained by computing the eigenvalues of Jacobian matrix(6) associated with the fixed
points in the region of 1-1-1(S). On the lines L, and L, a complex conjugate pair of eigenvalues of Jacobian
matrix(6) lie on the unit circle, the remainder of the spectrum still stay inside the unit circle. Approximate
points of torus bifurcations can be obtained by computing the points of change in stability of attracting
invariant circles, and the line L; is fitted by these points.

Local behavior of the three-degree-of-freedom vibratory system with symmetrical stops, near the point of
double Neimark—Sacker bifurcation, is obtained by numerical simulation. The partial bifurcation set near the
critical value is plotted in Fig. 13, in which 1-1-1 symmetrical motion is represented by (S), and the symbol
“Hopf Bif” represents Hopf Bifurcation of fixed point of 1-1-1 symmetrical motion, i.e., Neimark—Sacker
bifurcation. On the line L; of Fig. 13 subcritical Neimark—Sacker bifurcation associated with period-one
double-impact symmetrical motion occurs, and on the line L, supcritical Neimark—Sacker bifurcation of the
motion occurs. On the line L; torus bifurcation occurs, which means that the quasi-periodic attractor,
represented by the close circle, becomes quasi-attracting so that a new ““tire-like”” quasi-periodic attractor is
possibly born near the line L;. As 7y is fixed, the 1-1-1 symmetrical motion will undergo supcritical
Neimark—Sacker bifurcation, with decrease in the forcing frequency w, so that the quasi-periodic impact orbit
is generated, which is represented by an attracting and closed invariant circle in projected Poincaré section.
With further decrease in the forcing frequency w, instability of the closed circle occurs so that a new quasi-
periodic impact motion is possibly born near the value of torus bifurcation, which is represented by “tire-like”
quasi-periodic attractor in the projected Poincaré section. Whereas the 1-1-1 symmetrical motion undergoes
also subcritical Neimark—Sacker bifurcation with increase in the forcing frequency w. Dynamical behavior of
the system, near the point of double Neimark—Sacker bifurcation, are further illustrated by bifurcation
diagrams, phase plane portrait, time trajectory and projected Poincaré sections plotted in Figs. 14-16.
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Fig. 14. Bifurcation diagrams near the point of double Neimark—Sacker bifurcation. (a) y =0.061, w €[3.07,3.19] (al) y = 0.061,

—-0.17
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(b1) [0
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w € [3.13,3.16], (b) y = 0.065, o € [3.04,3.22] (bl) y = 0.065, » € [3.04,3.13].
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Fig. 15. Projected Poincaré sections: (a) transient points as well as the attracting invariant circle associated with 1-1-1 symmetrical motion,
starting from the initial condition near the fixed point of 1-1-1 symmetrical motion, w = 3.15, y = 0.061; (b) “tire-like” quasi-periodic
attractor, w = 3.146, y = 0.061; (c) “tire-like” quasi-periodic attractor, ® = 3.12, y = 0.061; (d) “tire-like” attractor, w = 3.11, y = 0.061;
(e) “tire-like” tori doubling, w = 3.086, y = 0.061; () chaos, w = 3.08, y = 0.061.
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Fig. 16. Projected Poincaré section (a), phase plane portrait (b) and time trajectory (c): (a) transient points as well as the fixed points
associated with 2-2-2 motion, starting from the initial condition near the fixed point (unstable focus) of 1-1-1 symmetrical motion,
o = 3.175, y = 0.061; (b) 2-2-2 motion, w = 3.175, y = 0.061; (c) 2-2-2 motion, w = 3.175, y = 0.061.

The fixed point associated with 1-1-1 symmetrical motion, with the corresponding parameter v, is taken as the
initial map point in every numerical analysis. We choose y = 0.061 and change the forcing frequency  in
numerical analyses. The results from simulation show that the system exhibits stable 1-1-1 symmetrical motion
in the forcing frequency range w € (3.154923,3.168377).

Instability of 1-1-1 symmetrical motion occurs, and supercritical Neimark—Sacker bifurcation associtated
with the motion is generated as w is decreased gradually and passes through w. = 3.154923. The system
begins to exhibit the quasi-periodic impact motion, which is represented by an attracting and closed invariant
circle in projected Poincaré section; see Fig. 15(a). With decrease in the forcing frequency w, instability of the
closed circle occurs so that a new quasi-periodic impact motion is born near the value of torus bifurcation,
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which is represented by ““tire-like’” quasi-periodic attractor in the projected Poincaré section; see Figs. 15(b)
and (c). As the forcing frequency is further decreased, the system finally falls into apparent chaotic motion via
“tire-like” tori doubling, see Figs. 15(¢) and (f).

Increase in the forcing frequency leads to instability and subcritical Neimark—Sacker bifurcation of 1-1-1
symmetrical motion. At the critical value w. = 3.168377, the eigenvalues of Jacobian matrix Df(w, X*) are
given as follows:

Ma(wp) = —0.5429462 + 0.8336944,
|212(we)| = 0.9949055,
Jaa(w0) = —0.9889936 =+ 0.1479582i,
|23.4(w2)| = 1.0000001,

J56(0e2) = —0.2560790 £ 0.1331653i, |4 6(w2)| = 0.2886338.

It is found, by numerical simulation, that subcritical Neimark—Sacker bifurcation of 1-1-1 symmetrical
motion occurs for w>3.168377, and the fixed point associated with 1-1-1 symmetrical motion varies from
stable focus to unstable focus. Fig. 16(a) shows transient points as well as the fixed points associated with 2-2-2
motion, starting from the initial condition near the fixed point (unstable focus) of 1-1-1 symmetrical motion
for w = 3.175. Fig. 16(b) and (c) shows phase plane portrait and time trajectory of 2-2-2 motion for w = 3.175,
respectively.

We have found, by analytical analyses and numerical simulation, that the vibro-impact systems with more
than two degrees of freedom more easily work near the point of codimension two bifurcation than two-degree-
of-freedom vibro-impact systems do. The increase in the number of equations correspondingly increases the
number of eigenvalues of maps, which makes it possible that more eigenvalues lie near the unit circle of
complex plane. An example is given in the following test. The system with parameters (2): m, = 3, m3y = 1.2,
ky=12,k3=15f,0=0,f=1,f3=0,0=0.3, R=0.7 and y = 0.05 has been chosen for analysis. The
original purpose of the example is only used for analyzing dynamical behavior of the system near the point of
strong resonance(1:2, A; = /s, /1%,2 = 1). However, we find that the system exhibits quasi-periodic impact
motion represented by “tire-like” quasi-periodic attractor. Its dynamical behavior is similar to that near the
point of double Neimark—Sacker bifurcation. Here, we consider the case of v € R' and take only the forcing
frequency w as the control parameter. As w passes through . = 2.178259 in a decreasing way, a complex
conjugate pair of eigenvalues of Df(w,0) escape the unit circle from the points near the point (—1, 0), the
remainder of the spectrum of Df(w,0) stay still inside the unit circle, Neimark—Sacker or subharmonic
bifurcation associated with 1:2 strong resonance case (iiz(wc) = 1) may occur. At the critical value
w. = 2.178259, the eigenvalues of Jacobian matrix Df(w,0) are given as follows:

J2(we) = —0.9999983 4+ 0.00019224i, |41 2(w,)| = 1.0000001,
J34(wc) = —0.5068009 % 0.7751092i, | /34(wc)| = 0.9260893,

Jse(we) = —0.22575470 & 0.19433770i, | 4s6(w.)| = 0.2978797.

The numerical results show that the system exhibits stable 1-1-1 symmetrical motion for »>2.178259. As w
passes through w, = 2.178259 decreasingly, instability of the symmetrical double-impact periodic motion
occurs so that the quasi-periodic impact motion, represented by the attracting invariant circle, is born; see
Fig. 17(a). Decrease in the forcing frequency w leads to that the closed circle becomes quasi-attracting, and the
“tire-like”” quasi-periodic attractor is born, see Figs. 17(b) and (c). With further decrease in the forcing
frequency w, the “tire-like” attractor gradually expands as seen in Figs. 17 (d) and (e) and finally ruptures, and
the system falls into apparent chaotic motion; see Fig. 17(f). Afterwards a quasi-periodic attractor, represented
by four attracting invariant circles, is born by a degeneration of chaos; see Fig. 17(g). With continuous
decrease in w, the invariant circles become quasi-attracting, and the system falls into chaotic motion again via
the quasi-attracting invariant circles as seen in Figs. 17(h) and (i). The reason why the system with parameters
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Fig. 17. Projected Poincaré sections: (a) transient points as well as the attracting invariant circle associated with 1-1-1 symmetrical motion,
starting from the initial condition near the fixed point of 1-1-1 symmetrical motion, w = 2.14; (b) “tire-like” quasi-periodic attractor,
o = 2.135; (c) “tire-like” quasi-periodic attractor, w = 2.133; (d) “tire-like”” quasi-periodic attractor, o = 2.132; (e) “‘tire-like” attractor,
o = 2.13; (f) chaos, w = 2.124096; (g) quasi-periodic attractor represented by four attracting invariant circles, @ = 2.1175; (h) chaos,
o = 2.115; (i) chaos, w = 2.09.

(2), in 1:2 strong resonance case, exhibits the “tire-like”” quasi-periodic attractors is explained in the follow-
ing test.

Let us continue to consider the system with parameters (2). Here, the forcing frequency w and y are taken as
the control parameters, i.e. v = (y,)". The eigenvalues of Df(v,0) are computed with o € [2.18,2.3] and
7 €[0.036,0.05]. The moduli of all eigenvalues of Df(v,0) are less than one for v = (0.05, 2.18)". By
gradually decreasing y and increasing @ from the point v = (0.05, 2.18)" to change the control para-
meter v, we can obtain two complex conjugate pairs of eigenvalues 4;2(v.) = —0.97662440 + 0.21495570i
(1412(ve)| = 1.00000000), A34(ve) = —0.6300049 £ 0.7765909i (|434(vc)| = 0.9999998) which are very close to
the unit circle, and the other eigenvalues As4(v.) = —0.232266 £ 0.2123674i (|456(v.)| = 0.314718) still stay
inside the unit circle as v equals v. = (0.0399601, 2.258997)". The eigenvalues A12(v) and 23 4(v) have escaped
the unit circle as w and y pass through w = 2.258999 (increasingly) and y = 0.03996 (decreasingly). The
eigenvalues 1;2(v) and A34(v) almost escape the unit circle simultaneously, so v, = (0.0399601, 2.258997)" is
approximately taken as the value of double Neimark—Sacker bifurcation.

The partial bifurcation set near the critical value is plotted in Fig. 18. On the line L; of Fig. 18 subcritical
Neimark—Sacker bifurcation of period-one double-impact symmetrical motion occurs, and on the line L,
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Fig. 18. The partial bifurcation set near the point of double Neimark—Sacker bifurcation.
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o € [2.242,2.257], (b) y = 0.045, w € [2.13,2.43] (b]) y = 0.045, © € [2.15,2.24].

supcritical Neimark—Sacker bifurcation of the motion occurs. On the line L3 torus bifurcation occurs, which
means that the quasi-periodic attractor, represented by the close circle in Poincaré section, becomes quasi-
attracting so that a new “‘tire-like” quasi-periodic attractor is born near the line Ls.

Some bifurcation diagrams and projected Poincaré sections are shown in Figs. 19 and 20, which illustrate
dynamical behavior of the system with parameters (2) near the point of double Neimark—Sacker bifurcation.

According to the analysis above-mentioned, we can find that the point v = (0.05,2.178259)" of 1:2 strong
resonance lies just near the point v = (0.0399601,2.258997)" of double Neimark-Sacker bifurcation. So the
system with parameters (2), in 1:2 strong resonance case, also exhibits the quasi-periodic impact motion
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Fig. 20. Projected Poincaré sections: (a) the attracting invariant circle associated with 1-1-1 symmetrical motion; w = 2.252; (b) “‘tire-like”
attractor, w = 2.25; (c) “tire-like” torus doubling, w = 2.244.

represented by ‘“‘tire-like” quasi-periodic attractor. The quasi-periodic impact behavior is rich and complex.
This means that two or more complex conjugate pairs of eigenvalues of maps, lying near the unit circle,
possibly lead to the “tire-like” attractor.

By studying codimension two Neimark—Sacker bifurcations of vibro-impact system of Fig. 12, we can find
that the system exhibit similar dynamical behavior near the points of codimension two Neimark—
Sacker bifurcations. The analyses in the section show that near the point of double Neimark—Sacker
bifurcation there exist period-one doubling-impact symmetrical motion, Neimark—Sacker bifurcation of the
motion and torus bifurcation associated with the transition of the attracting invariant circle to “tire-like”
attractor. The torus bifurcation leads to the quasi-attracting invariant circle and “‘tire-like” attractors. The
quasi-attracting invariant circle is attracting for the map point inside the circle, and repelling for the map point
on or outside it. The “tire-like” attractor is of quasi-periodic impact characteristics near the point of torus
bifurcation. The dynamic behavior of the vibro-impact system shown in Figs. 13-16 (and Figs. 18-20), near
the point of double Neimark—Sacker bifurcation, corresponds with the unfolding of case 6(a) of the normal
form map which is shown in Figs. 8 and 10. Moreover, by numerical simulation we also observe the dynamic
behavior of the vibro-impact system corresponding with the unfolding of the normal form map associated
with cases 5, 6(b), 7(b) and 8. In the four cases, the dynamic behaviors of the vibro-impact system are simpler
than those shown in Figs. 13 and 18, the system exhibits only the quasi-periodic attractor represented by an
attracting and closed circle, and no stable “tire-like” quasi-periodic attractor occurs; one of two
Neimark—Sacker bifurcations associated with 1-1-1 symmetrical motion is supercritical, and the other is
subcritical.

7. Conclusions

An important application where the model studied here may be of use is in the dynamics of heat exchanger
tubes in nuclear reactors [51]. Such tubes are designed to have clearances at support points to allow for
thermal expansion. When fluid flows past these tubes vortex shedding occurs and the tubes are excited. The
response of such systems is very complicated [51] and the wearing of these tubes is a major problem in the
nuclear industry. Fluid flow past panels and beams can result in chaotic motions and thus bifurcation
behavior and chaotic motions may provide an appropriate tool in the study of tube wear. The other important
application where the model may also be of use is in the vibro-impact dynamics of wheelset and rail of high
speed railway coaches [26]. At low speeds the coaches will undergo nonlinear oscillations and behave as a self-
excited nonlinear system without impacts. As the speed of coaches is increased, the coaches exhibit hunting
motion and the flange of wheelset eventually begins to hit the steel rail. Some researches into symmetrical
double-impact periodic motion, stability, pitchfork bifurcation and routes to chaos were developed for the
vibratory systems with symmetrical rigid stops in Refs. [3,16].

No Neimark—Sacker bifurcation of symmetrical double-impact periodic motion occurs in a single-degree-
of-freedom system having symmetrically placed rigid stops and subjected to periodic excitation [3]. However,
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in the paper Neimark—Sacker bifurcations of 1-1-1 symmetrical motions are shown to exist in the
multidegree-of-freedom vibro-impact system with symmetrical rigid stops. As the forcing frequency is
changed, the quasi-periodic impact motion may lead to chaos via torus bifurcation and “tire-like” tori
doubling successively.

Double Neimark—Sacker bifurcation of the vibratory system with symmetrical rigid stops is analyzed in the
paper. Local behavior of the system, near the point of double Neimark—Sacker bifurcation, is investigated by
using qualitative analysis and numerical simulation. Near the value of double Neimark—Sacker bifurcation
there exist period-one double-impact symmetrical motion and quasi-periodic impact motions. The quasi-
periodic impact motions are represented by the closed circle and “‘tire-like” quasi-periodic attractor in
projected Poincaré sections, respectively. Complex dynamic behavior near the points of codimension two
bifurcations is observed by means of two examples in Section 6, which corresponds with the unfolding of the
simplified map in case 6(a) shown in Figs. 8 and 10. One of two Neimark—Sacker bifurcations associated with
1-1-1 symmetrical motion is supercritical, and the other is subcritical; after the supercritical Neimark—Sacker
bifurcation, torus bifurcation, associated with the transition of the attracting invariant circle to “tire-like”
attractor, occurs with change of control parameters. Routes from “tire-like’” quasi-periodic attractors to chaos
are stated briefly. However, it should be noted that routes from “tire-like”” quasi-periodic attractor to chaos
have not been known well.

The strict condition of codimension two bifurcation is not easy to encounter in practical application
of engineering. However, there exist the possibilities that actual nonlinear dynamical systems, with
two varying parameters or more, work near the critical value of codimension two bifurcation due to
change of parameters. The impact-forming machinery is a typical example [52]. Besides the forcing
frequency w, the value of gap varies also with different thickness of the formed workpieces. Another
representative example is the inertial vibro-impact shaker, of which the distribution of masses is
generally metabolic with the casts with different masses, and the forcing frequency is also important
parameter changed [53]. The change of multiparameters possibly leads to the results that the vibro-impact
systems work near the critical parametres of codimension two bifurcation. It is necessary to study the
bifurcations caused by change of multiparameters to reveal dynamical behavior of nonlinear systems near the
points of bifurcations.
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Appendix A

Let ¥ represent the canonical modal matrix of Eq. (2), w; (i=1,2,...,n) denote the eigenfrequiencies of
the system, 1, = yw;, Wz = wi/1 —n?. Using the formal coordinate and modal matrix approach, one can
obtain the general solutions of Eq. (2):

x(1) = VL), (A1)
E(t) = G(HA, + H(t)By + Fy sin(wt + 1) + F. cos(wt + 1), 0<t<1y, (A.2)
E()= Gt —t))A, + H(t — t1)By + F sin(wt + 1) + F. cos(wt + 1), H<t<ti+1 (A.3)

in which, it takes the time ¢, and #, for the mass M) to move from the constraint 4 to A and from the
constraint A4 to A, respectively; A4,, A,, B, and B, are the constant matrixes of integration,
G(1) = diag[e " sin(wgt)], H(t) = diag[e " cos(wy;t)], i =1,2,...,n (The symbol “diag[ ]” is used to
denote the diagonal matrix); Fy = (f,,f s+ )" and Fo = (fo,fozs---+f0)" are the amplitude constant
vectors.
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The determination of the period-one double-impact symmetrical motion is based on the fact that they
satisfy the following set of periodicity and matching conditions:
x(n/w)_ x(2m/w)
[ / ] = _[ / , (A.4)

X(0) s(wjo), ] [xCn/o)] [

x0)| | xX(n/w), | T | xQr/w) | | X0 X(m/w)_ x(21/w)
where D =diag[d,], (di=1,i=1,2,...,k,....n+k—1n+k+1,...,2n dyyx = —R), xo = (X10,X20,---»
X(k—1)05 05 Xk 1)05 - - - ,Xng)T, X0 = (X105 X205 - - > X(k—1)0> Xkt » Xkt 1)05 - - - » Xn0) - Letting 7 =/, #=n/o,
g,(t) = e sin(wyt), hi(t) = e’ cos(wyt), ¢g;(t) = e 1! sin(wyt), hi(t) = e "®" cos(wy;t), one can express
1-1-1 symmetrical response by

x(1) = PP (DY ' x(0) + PP (£) P~ x(0) + Py (¢) sin T+ Pei(f) cos 1, 0<t<7, (A.5)

x(1) = PPy ()P~ x2n/w) + Y Pu(t) P ' %21 /w) + Pyo(f) sin © + Po(f) cos 1, [y <t<fy+h (A.6)
in which, Py1(?) = diagl[g(O)n,w:i/ wai + hi(1)], P12(7) = diag[g,(1)/wa],
Pyi(1) = diaglhi2m/w)(g(Onmi/ g + hi1)) — §:21 ) o) hi(On,0;/wa — gD)],

Py(t) = diagl(g,(0hi2n/w) — §,2n/0)hi(1) /w4,
Py(t) = P(Fy cos wt — F, sin wt + Pp(f) oF . — P (H)Fy),

P.i(t) = W(F, sin wt + P, cos ot — Pp(t)wFs — Py ()F.)
Letting @ = diag[?, V], and

Py(t) Pp(p)

PO=1p.) Pt

b

Pg(1)  Pu(1)
5 i(t)z Ply[(t) Pci(l)

the response of 1-1-1 symmetrical orbit is given by

x(1) . S ]

| = 2RO L H Q0] | 0si<hn, (A7)
) = OPy(1)d ' D! . + 05(1) S e <t<f+F (A.8)
x(t) - 2 ).C(O) 2 CT H I+xxtixxtl 25 .

where S; = sin 7, C; = cos 7.
Substituting formula (A.4) and inserting ¢ = 2n/w to formula (A.8), one obtains the following equation:

lx(O)

w0 | = D[L — ®P,(21t/w)d~ 171 0,21/ w)

, (A.9)

S
C:

where L is a unit matrix of degree 2n x 2n. Let E = D[L — ®P,(2n/w)®~'17'Q,(2n/w), then E = [e;] is a
matrix of degree 2n x 2.

According to the periodicity and matching conditions (A.4), one obtains the kth component x,(0) from
formula (A.9), which is now

Xx(0) = 6 = ey sin 1p + ex2 cos 1. (A.10)

Solving formula (A.10) and substituting 7o into the solutions (A.7) and (A.8), we obtain the analytical
expression for period-one double-impact symmetrical orbit.

If 1-1-1 symmetrical motion is disturbed at the instant of impact by the difference AX, then one can express
the differences AX" at the instant of the next impact. Between two consecutive impacts occurring at the stop A4,
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the disturbed solutions of 1-1-1 symmetrical motion are written in the form

Y01 _ PE(r) A +oUD S, 0<t<7 (A.11)
)?:(t) - Bl Cl ’ SENA '
0 PE(t—1)) A +PUD S, fle <t<t (A.12)
)NC(I) - 1 Bz N, 5 +xtixles .
where S; = sin(w? + 19 + A1), C; = cos(wt + 19 + A1), [} = 1/w + Aty, I = n/w + Aty t, = 1) + I,
N G(t) H(t) F, F. I
EO=\6o aw| 2= |-r r| YT [ wl}’

I is a unit matrix of degree n x n.

The dimensionless time is set to zero directly after an impact occurring at the constraint A4, it becomes
(2n+ AB)/w just before the next impact occurring at the same stop, and A0 = w(At; + Aty). Letting
t. = (2 + A0)/w, the impact boundary conditions of the disturbed motion are expressed by

x(0) . X0 + Ax )??(171+) . —Xx0 + Ax” )??(;1_,_) _D )??(;1_) . X(t,) B xo + AX
XO0)| T |xo+Ax|" |X¥GH) | T | =xo+ A | xGp) | T T xED | )| T | xo+AX |
(A.13)

Inserting the boundary conditions (A.13) into the disturbed solutions (A.11) and (A.12) for t =0 and
t = 1., respectively, one can solve

A i | T esoeval| O A.l4
o | =teor [T | - eEoreug| 2. (A.14)
] _oso)| 0 2Y] ek eusl A.15
5 | = PEOL| 0y | - [9E0) v (A1)

in which, S, = sin(tg + A1), Ca, = cos(t + A1), S;, = sin(wi; + 19 + A1), C;, = cos(wi| + 79 + A1)
Substituting formula (A.15) into the disturbed solution (A.12), and then taking ¢ = 7|, one obtains, from the
kth term of the disturbed solution (A.11), the following formula:

F1(1) = Y (G + At) A, + H(njw + At) By — Fysin(wAt; + 1o + A1)
— F. cos(wAt) + 19 + A1) = =9, (A.16)
where . is the kth row of the matrix V.

Letting AX = (Ax|,Axa, ..., AXp—1, AT, AXpp, - . ., AXp, AX1, A, .. AX_1, AXpy, ASpyt, ..., AX,) T = (AT,
Ay, ..., APy,)", one can define the function

MAX,At) = Xp(n/o + At) + 6 = 0. (A.17)
Supposing (ah/aAtl)kO’ 0,---,0) #0, using the implicit function theorem and solving Eq. (A.17) for At;, one
—_———

obtains
2n+1

All = (Axl,sz, . ,Axk_1,A’C, Axk+1, . ,AX,,,AX], AX2, N ,Axk_l,AXk+,AXk+1, ey Axn), (AIS)

The partial derivative of Az, with respect to AX can be expressed by

dAL oh oh ,
585 = _6A)7i/<6At1>’ i=1,2,3,...,2n. (A.19)
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Substituting the boundary conditions (A.13) into the disturbed solution (A.12) for ¢t = ¢,, one can obtain

. xo + Ax’
Xo + AX/

N A ~ | Sas
= D@E(n/w +AR)| < | + DOUQ| -~ . (A.20)
BZ CAr

where Sa, = sin(wAt) + wAf + 19 + A1), Cp = cos(wAt + wAL + 1o + A1),
Taking the kth term of the state vector Y, one can define the function
g(AXI, A-XZ’ st Axk—la AT: Ax/C-Fla st Axl‘la AXI, sz: ceto Axk—l H
AXpy, AXprt, ., AXy, AL, Aly) = X4 (2.) — =0 (A.21)

Supposing (Gg/aAtz)](O’ 0,...,0) #0, using the implicit function theorem and solving Eq. (A.21) for At,, one
—_——

obtains
2n+1

Aty = Atz(Axl,sz, oo AX—, AT, Axk+1, e, AXy, AX,
AXy, ..., Axi_q, Axk+, Axk+1, o AXy, Al‘]). (A22)

The partial derivative of Az, with to AX can be expressed by

0An ag @g 0A1, ag )
- ' =12....2n, A23
aA)le <6A)71+6A11 aAﬁz)/(@Alz ’ 1 5 & , 2l ( )

Inserting At¢; and At into the state vector (A.20), one gets finally the disturbed map of period-one double-
impact symmetrical motion

X' =f(v,X)=D Yo+ D, (A.24)

in which, D, = diag[d(él)], dV=1i=1,...,k—1Lk+1,---,2n, d = 0; D, = diagld®], d® = 0,i=1,...,
k—1,k+1,...,2n, dﬁc) =17, 17 =19 + wAt; + oAt,.
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